JOURNAL OF RESEARCH of the National Bureau of Standards — B. Mathematics and Mathematical Physics 
Vol. 71 B, Nos 2 & 3, April September 1967 

E-Transforms (II)* 

F. M. Ragab** 

(April 20, 1967) 

The following class of integral transform pairs is established 

* ( * ) = J„ E \fi u . ..,*, y)f(y)dy, (l) 

/(*) = 2£ ["yg^)\\\ ix>« sin{iy+v)TrE(]- v -^ P'-TV- ■ -A-rMl*. (2) 
Jy in 2 Jo L l i_, \1 — 2ty, «i — y — iy,. . ,,a p — j^ — jy /J ' v ; 

The kernel in the transform (1) is MacRobert's ^-function and integration is performed with 
respect to the argument of this function. In the inversion formula (2), the kernel is likewise an ^-func- 
tion, but the integration is performed with respect to its parameters. 

Known special cases of this general transform pair is the Kantorovich-Lebedev transforms pair: 

2 f x 

g(x) = -r x sinh {ttx) y~ l K ix (y)f(y)dy , 
^ Jo 

f(x)= j*K iy (x)g(y)dy, 

and the generalized Mehler transform pair 

g(x ) = | sinh (*r*)r(! - A: + txl [Y| - A: - ix)f*P* t x - i/a W/W4P - 

f(x)=J"p* w _ lf% (x)g(y)dy. 

Key Words: ^-functions, integral transforms, inversion formulas, kernels. 

1. Introduction 

In this paper we establish the following class of integral transforms: 

•m-JL'V* a V™* 



%v-i f x r ] / i — j, — 

/(*) =— - yg(y) t V i*'" sin (i>+ i>)tt£ 

itt- Jo ll rz, \i — Ziy, 



1 — v— iy, /3] — v— iy, . . .,fi (} — v — iy:x 
a\ — v — iy,. . .,a v — v — iy 



dy 

(2) 



where the integrals are convergent and the symbol V means that in the expression following it i 

i, -i 

is to be replaced by — i and the two expressions are to be added. 

The kernel in the transform (1) is MacRobert's ^-function whose definitions and properties 
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are given in [1] ' pp. 348-358, and which will be discussed further in section 2. The integration in 
this transform is performed with respect to the argument of the E-f unction. In the inversion formula 
(2), the kernel is likewise an ^-function, but the integration is performed with respect to its param- 
eters. Known special cases of our general transform pair are the Kantorovich-Lebedev transform 
pair (see [2], pp. 175-177: [3], pp. 229-241 and [4], pp. 33-40) 

g(x) =—x sinh itx y- ] K Lr (y)f(y)dy, (3) 

f(x)=\K il ,(x)g(y)dy: (4) 

Jo 

and the generalized Mehler transform pair (see [5] pp. 57-59 and [6]). 

g(x) = J sinh rrxY (|"* + i*) V (|~*-i*) f" P*_, (y)f(y)dy (5) 

f(x)=[ A P k (x)g{y)dy. (6) 

J(> iy-- } 

Section 2 contains a treatment of the E-function and our main transform pair is derived in section 
3. Section 4 contains the derivation of the Kantorovich-Lebedev and Mehler transforms and other 
new integral transforms. 

The iMellin transform ([7], p. 7) 

g(s)=\ x«- l f(x)dy (7) 

Jo 



and its inversion formula 



f(x)=— I * x-*g(s)ds (8) 



will be utilized in the proofs. 

Also the following formulas are required in the proofs: ([1], p. 374): 



E(p:a l :q:p,:z)=— | - -j-= -rfd£, (9) 



fr({)n r («r-{) 
ftr(p»-{) 

t=\ 



where |amp z\< ~(p — q+ l)n and the contour of integration is of Barnes's type with loops, if 
necessary, to separate the pole at the origin from the poles at «i, <*», . . ., a p : 



{[!]. p. 257): 



[1], p. 347: 



1 Kiuun-s in brackets indicate the lit 



K H (z)=— -?■ — {/-„(z1-/„(z)}: (10) 

I Sill TITT 



i^whirj^tt) 
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and [1], p. 262: 



_, /— 71, 71+1; — Z\ ._-, v / Z \|m n /g% 



2. Properties of the ^-Function 

It p =£ q then the ^-function is defined as 

E(p: a ' :q: f)i:z) = n Pl ). . .r(p q ) F ( p;a ' :q:p ' : —zr im 

When p 3= q + 1, |arg z\ < it, then the ^-function (see [1], p. 353) can be shown to be 
E(p;a r :q;p t :z) = J) f[ T(a.-ar)\{[ r(p,-a r )}-» r(a>)Z<V 

r=l r=l W=l J 

/a,., a r -p, + l, . . ., ar-Pff+1; (-1)"-"* 



X-'^-'U-ard,. . .*. . .,«,-«„+ 1 J' (U) 

where the asterisk means that the factor a r — a r -f 1 is omitted. To familarize ourselves with the 
^-function, the following relations may be worth noting: From the definition (13) it is clear that the 
v/^-lunetion is immediately related to the generalized hypergeometric function 

ta r : z\ = ^ (au n) . . . (a„: n) n 

» q \p< ) £ (l;ii)(p,;ii) . . . (a,;*)*' 

and reduces to single expressions in the ordinary or Gauss hypergeometric (unction when p = 2, 
q=l. p ()r p=l, q=\ it is evident that the ^-function reduces to the confluent hypergeometric 

function or Kummer's function. The case p= 1, q = () yields the relation 

E(a::z)=r(a)(l + llz)- a . (15) 

The case p = 0, g= 1 gives the relation 

£(:*/ + ] ::z)=2 1/ |/,(2z- 1 / 2 ). (16) 

The case p = 2, qr = yields the relations (see [1], p. 351) 

cos Ai7r£'[--h 7i, - — Ai : : 2zj = (27rz)2 2 e~7CU), (17) 

£(|-£ + m,|-&-m::z) = rQ-£-mW^ (18) 

where K„(z) and Wk\m{z) are the modified Bessel function and Whittaker function respectively. 
Also it is evident from the definitions of the ^-function that for p = q = 

E(::z)=exp (-1/z). (19) 

More complicated parameters in the ^-function lead to the equivalence of the /^-function with 
products of Whittaker functions, Hankel functions, Lommel functions and other special functions. 
Some examples are 



W k ,Miz)W k , m (-2iz) = ir~^l-j \r\ = -k + m\rl--k-m 



2ft 



1 , . \„/l 



XE(~k + m, Y~k-m, \~k, l-k : \-2k : ^j, (20) 
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e 4* W„, ,„{z) = — £ - E (-+ m, -- m, 1 : 1 - k : e*z) , 
W\){z)WP{z)=27T -w cos (raJrW| + i;, | - „, i : : z 2 ), 

y„(*)y_,(2)={r(i-p)r(n-v)}->,F/| ; i-y, i + f:- z 2 ), 

y p 2 (z)=7r-'/V£(|+K:l + ^ 1 + 2*:^), 

s -w= 2 "-M r (i-^-r) r g-i^i i ')r(fr 

vr/i ! l a. 1 l 1 l l ■ 



(21) 

(22) 

(23) 
(24) 



(25) 



M k , m {iz)M k , ,„(- sz) =z-'" + ' 2 F S 



1 1 z 2 

-+m + k,- , m, k; — — 



] 



+ m, 1 + m, 1 + 2wi 



(26) 



z^KoAze f )X 2 ,(ze-^ 4 ) =2^-%- 



■3/2 



^l r /l 1 11,1 



(27) 



1 „/ , 1 



1 1 ,1.1 



z»Kl(z)=2- 2 7T ] l 2 ^ -Elv + ~ii,-v+-iJL,-fL, 1 : -/x + -:e /7r . 



2^2^ 2^ 2 



(28) 



*/*„(*) =2^tt-' 2 7^(|M+|^| At "2 l, ' 1:e/7r 4)' 

[e-fH\jl b (z^)H^ h (z^)^e^ H^iz^H^iz^)] 

= 4tt- 5/2 cos (air) cos {bir)z- Vl E{a + \ , 6 + $,-a + £,-6 + J:£:z), 



M A , w (iz)M A ., „,(- iz) =z 2 '" +, ->F, 



' 1 1 z* 

-+/71 + L -+m — k; — 7 I 
2 2 4 ' 



1 



+ 771, 1 + 771, 1 + 2m 



c-2«^'{r(l + i» + n)r(iii-/i)}- 1 0f[(l+« l ) 1/2 ]0-*-i[(l + 2 I ) 1/2 ] 



=il r (i-») r (i + » 



1 3 + 

l2 _ "'2 + n 



ff„(z) - F r (z) = 77-"-' COS f77 Z"" 1 ^, 1 , | - V : ! J ) . 



/7) ; l J„(z"-)/7J;J„(z"-)=277- 5/ -cos (6-a) 7 rz-"-£'(A, a +6 -a, |+a-6::z), 
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(29) 



(30) 



(31) 



(32) 

(33) 
(34) 



K 2 (/,-,o(2 3 / 2 z 1 /%^ 4 )/C2</wi)(2 : % , / 4 e- 7r/ /4)=2- 4 7r42" (I 



X 2 4 E (l, a, 6, a+|, 2a - b : : ze 1 '* 



/, -/ 



3. Proof of the Main Theorem 

From (7), (8), and (9), we arrive at the formula 



r(-5) nrk+s) 

I z s ~ ] E(p: OL r : g: p,: z)dz = — ^ , (36) 

f[T{pt + s) 



where /?(«,. + s) >0(r=l, 2, . . ., p) and fl(s) < 0. 
We wish to solve the integral equation (1) 



g(x)=l El y\f(y)d(y) (37) 







\fr-fc a, / 



where the conditions on tin 4 parameters and the function /(y) are such thai the integral is 
convergent. 

Replace x by — i£. Multiply both sides of (37) by x *d( and integrate from c— i<» to c + £°©, so 



nig 



J 

2m Jc-i x 



47T-J,, j,._,„ j y _, x f[r(A-0 

by (9). 

Now change the order of integration, so that the integral with respect to £ becomes the last 
and the last expression becomes 

-73 /Wy r(o £ f rW] r(v-t-{)r( v -t+t)x-td£ 

4tt jo Jy-/x FT [V/3 — n >-/oc 

47T-j„ j v _ /x (jr(A-{) Jr ~' x 



1 r, ry+u II r (*-{) f n 

■77 TWy r(Df *"(«y)-«# 2v-2f:- , 

477- j„ j y _,, rjr(A-c) v 



by (9) a^ain. 
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Now apply (15) and the last expression becomes 



1 
2ni 



n r («,-o 

f(y)d y \ r($r( v -or[v+i;-£)2*>-«-'^i- x"(l+x)- 2v+2 h xa -U 



Y-ix 



] 



4x 



2(n)" 2 \(1 + *) 2 



^nn^-o 



Jo u, . . ., h 



a„ : 



4xy \f(y)dy, 



by (9). 



Now let x = 



^x 



(1 + x) 2 



Z7TI Jc-iy: 



and the last expression becomes 



(38) 



■-/„,„+£.«„. . -,a p : ^ 



\J8... • .,& 
Using the notation of ([7], p. 315), we have 



xy\f(y)dy 



(39) 



x gU)d:x; = 2(77-) ,/2 4 s ^ (l-x)x s -"- l (l+x) 2p - 2s - l g(x)dx. (40) 

o Jo 

Here write 1—5 for 5, apply (38) and get 

ff(l-s)= 4 /^ 1/ t , [' ' g{-iOd£ [ ' (l-j0*~*~*~*(l+*)^ +2 ^ 3 d* 



i{ir) 11 * Jc-h 



-*(-# 



r(i-5- y -g) r(2-5- y -g) ' 
r(5+»-f-i) r( s +^-^) 



e"^ 



r+ i r(S ' 



•v-i) r 

Jc—ix 



e -.„ fe( _,,, ro-.- : -p «. 



Thus 



--iirU+f) / i\ /v+ix r(i — c — ,,— £) 

S7(l-*)=^ r 5 +^-i)r(s + v-l) e-'^g(-ig) U1 j e , #• (A) 

17T \ 2/ Jc_f x 1 (s + v — £) 



Also from (36) and (39) 



/?(i-5)=r(i-s)i>-i+s)r(w — +s\ 

2 f[ r(y8,-i+ 5 ) 



nr(« r -i+5) 

1 \ r=i 



(41) 



and so by [7], p. 316, 



f^)=y-\ 571 y " sA = ?T~ii *"'* e-^+"+Ofe(-^) 

277( Jc'-ix tf?(l— S) 2(7T()' : Jc'-i M Jc-loo 
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r(i-*-v-f)ftr(j8r-i+«) 



r(s+v-f)r(i-i) f[ p(a r -i+s) 



<%■■ 



i /•«+** 

7TJ Jc-i=e 



e-^+^gi-iftdt 



r(i-v-^+s)frr(/3 t -i-s) 

SriJu ' ~ (e ' Ws - 



r(»-f-*)r(i+*) n r(or-i-j) 

r=\ 

using the definition of the generalized ^-function (see [1], p. 419) namely 



p; a, 



. fl r (^-{)[]r({-p 9+ ,+ i) 



m; p q+s :x \ 1 f «+*--« ^ 

/ -hi, QJp+r, 1/ 2iri Jc-too A r,, ., -,4 



■*«£ 



r(£-a p+r +l) 



(A) 



^m-Z-l ^ 



J Sin (p q +8 — Otp+r)7T 



■ x p q+s- 1 X £ 



Sl ]"[' Sin (p q + s — pq+t)7T 



Ip + /; a,- — p, /+tS -f 1 : a>.v 
p,-p,+s+l, ...*.. 



Pq+m Pq+8* 1/ 



where a> = e ±iir or 1 according as l+m is even or odd; the expression (A) becomes 



1 — 2£, oil — v — f , • • .^OLp—v — i; 



-x u ~ l f 

i(7T) 2 Jc 

Here put c = 0, note that #•(#) = #(— ^),so getting 

X V-1 foe 

i{tt) Jo 



(42) 



- > wc** sin (i7ry+i>7r)/!, I _ rt . 
. £ ~. \Y— liy, ot\ — v — ty, . . .,OL p — v — iy 

With (43) established, we have the transform pair (1) and (2). 



dy 

(43) 



4. Derivation of the Kantorovich-Lebedev and Generalized Mehler Transforms 

In the transform pair (1) and (2) take p = q = 0, v=%—k, apply (18) and (13), so getting the 
transform pair 

g(x ) = r (™ k - ix) r (i - k + ix)f° e*»y*W k , te (-) /(y) dy , (44) 

— A" — jy; — 
x 

-2iy J 



fix) 



-fc-l/2 



/(tt) 2 



/* J 

Jo 



e -Hx yg{y) 



7 2 »* sin (2 - * + iy ) v T(\-2iS ]F ' 



r(j+A— iy) 
■2»y) 



dy, 

(45) 



where we have used the Kummer transformation 



(a: x\ / p — a\ —x y 

, hi , 
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(46) 



Now apply the relations ([1], p. 351 and p. 352) 



*W*)=2 ,TI 2tj) . ; 



J(i-k-iy) 



(47) 
(48) 



and so get the transform pair 



g (x) = r (|- k- fa) r (|- a- + fa) £ r*. te (-) e«*yy*f( y )dy 



(49) 



(50) 



/(*) =x- fc e-'/^-i- f X Jg(y)r,., iv f|) sin (2faWy 

i(77j Jo \ / 

In (49) replace y by -, in (50), x by - and then replace e^ 2 y~ k f[-) by/(y). The transform pair is 

y x \yj 

gU)=rQ-A-^rQ-A+^|°°r,, te (r)/(y)rfy, 



/(*) 



1 



Jo 



In (51), (52) put A = 0, apply the relation 

W 0t m(x) 



ysinh (2yir)W ktiy (y)g(y)dy. 



1/2 



«.©. 



(51) 



(52) 



(53) 



and so obtain the Kantorovich-Lebedev transform (3) and (4). For a study how such transforms 
arise from second order differential equations, see [8] and [9]. 

In the following table, we give a short list of integrals corresponding to formula (4). 

TABLE 1. Kantorovich-Lebedev transforms 











g(x) 


Jo 


cosh (ax) cos (zx) 

|Im a|+|Im z\ <| 


E e -^cosh K(»sa cog (^ ginh z sin a ) 


sinh (ax) sin (zx) 

|Im a|+|Imz| < ^ 

cosh (— .zl cos (zx) 

|Imz|<| 


— e~ JrCos1 ' * cos a sin (x sinh z sin a) 

— cos (x sinh z) 
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Table 1. Kantorovich-Lebedev transforms — Continued 



g(x) 



■f« 



/(*) = K ty (x)g(y)dy 



sinh ( — jc j sin (2 

llm zl <^ 



cosh (— • x\ cos (zx) 
|Imz|<| 



k + ix k — ix 
*sinh (irx)E\ m 2 ' 2 

VP> P« 

|arg z| < 7T 



a a„ 



x sinh I- 77* 



MD 



1 1 " 

|ar^ z| < - 



: si nh (^r,,.g)xr(I-,-f)r(I-,-f) 

«g-*)>0,|«g«|<| 
:9inh(TO)r (*±») r /*ZH) 



*-« 



x sinh {ttx)E ( 



w it ( Jl+ ix k — ix , 

R(k) > z is real and positive 
k + ix k — ix z\ 



■■3 



2 ' 2 
z is real and positive 



*sinh («)r(»+w)r(»-i«)xf^* (x J 

R(th) >0, fi(z) >-l. 
x tanh (ttx)P; x - X j 1 {z) 

x tanh (7r* ) P,- x - 1/2 (z) /£/*(«) 

77" 

|arga|<-, |arg (z-1)|<tt 

x sinh (irx)E{%+m + ix, %+m — ix, l:m+l :2z) 

|argz|<- 



— sin (x sinh z) 



— e v2 cosh * cos f-^= sinh z J 

2 VV2 / 



^*E(p; «:« p.:±) 



tt v -z "- exp 



(-H) 



--(f)'""- (-f-i) 



£™~>*©«'-® 



* A T(a) 



(-?)• 



01/2 ^ 2 ' 2 ' 4^ e 



-(a*)" 2 (:j: 2 + a 2 -l-2az*)- 1/2 exp [- (* 2 + a 2 + 2azx)>' 2 ] 



77 3 ' 2 2 m -" 2 r(/)z'e-^" l+ " 2 (z + a:)- 
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263-048 O - 67 - 3 



TABLE 1. Kantorovich-Lebedev transforms — Continued 



x tanh (7Tx)Kix(z) 


^7t(zx) 1 / 2 (z + x)- 1 exp (-z-x) 


/k + ix, k — ix,a.\, . • ., otp : z\ 


2 k - 1 7T 3l2 x k e~ x E Ip; a r : q; p s : ; — ) 


x sinh (ttx)E\ I 
\k+ i 9 p u . . ., p q J 


R(k) >0, |argz|<| 




x sinh (irx)Knx(a) 
|arg a|<7 




^sinh(^)r(J-A: + ^)r(J-A:-^)xrA-,teW 
*(*-*) >0,|argz|<| 


( 2x\~ 1+k 
2- k - 1 l*TrV*r(l-k)x 1 l*-kz*[exp(-x-iz)]ll + — J 


(k + ix, k — ix, i+n, J— rc : 4z\ 




jc sinh (ttx)^! 1 


2 X-l/ 27r 2 sec ( n7r ) x l-H2 z ll2 exp (- x +-\ K n (-) 


K(X>0, |argz|<| 




A + ix, A. — ix, a : z\ 




x sinh (7rx)£ , l 


2 \-i 7T 3 l 2 x x e-*r(a) (l+—) " 


R(k) >0, |arg2|<5 






2 x+jb-i 7r 3/2r(i-^ + m )r(i-A;-m)r(|-m) 


., , . ^(k + ix, k — ix, %—k + m, i—k — m:A 
x sinh {7TX)t\ , 1 

rt(X) >0, |argz|<| 


xr¥«[«p(-^)]r M Q 


x sinh (7Tx)r(k-\-ix)T(k — ix)tF%\ ' ' z 

\X+i,*>+l / 


2 x- 1 -i^^uf i«/fr(x+§) r(i + ,)A[(^) 1/2 ] 


/?(X) > 0, z is real and positive 




x sinh (7rx)r( J+ m + ix) X T(^+ m — ix)M t x , m (iz)Mi X , m (—iz) 


2 m-l/2 7J 8/2 Jc l/2+ill 2r l-2» /r 2 / ; I _|_ ^ 1 + m; _ ^ 


R(m) > — | and z is real and positive 




x sinh (7rx)^2ix(a)^,x(/8) 


i6(/ax)i/»iijto+?J exp [ (/3+%) \ 4^] J 


2|arg a|+|arg /3\< tt 
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To derive the generalized Mehler transform pair (5) and (6) take in (1), (2), p = 0, g=l, v= J 
with jSi =p 1 — k, so getting r /,.,.. v 

r(l-A-)c.osh (7 r.r)Jo Ml-/, " ) /Wy ' < M > 



(*) : 



/(*) =^— r y#(y) 



17T Jo 



1 v . ,.,, . fir . \ \(\ -iy)V(}, -k-iy) 

- > ix' !l sin — +/7rr — *■ — £rr 

i fa \2 J ) I (l-2iy) 



x. 2 Fjh iy ^- k - iy; -^ 



\1 - 2iy 
Now write J (y— 1) for y in (54) and § (x — 1) for ^ in (55) and get 

a . 1 l-y\ 

\\-k 



dy. (55) 



#0*0=7 



77 



2T(1 — -k) eosh 7tjc 



2 F,(2 **'2 ' 2 1/ 



y-1 



dy, 



(56) 



/ 



x — 1 \ 1 lx 



2 I iir- \ 2 



-1/2 



1' 



yg(y) 



i 



; ~ \ 2 

/, — i 



in 1 77 + iiry 



1(1 -2/y) 
If we use the relationships ([1J, pp. 303 and 391 



x r( *-»> r( t.-*- <y) ^,/l- iy 'H-^i^ 



jy 



dy. (57) 



/V'U) = 



I 



T(m+1) U+i 



-l^ v /_„,„ + !, ±_-X 



Vm + 1 



(58) 



I (j)(z 2 -l)-2 w P f 7 w U) = lv „ , " fi, (z-})» -*tF, I 



r(/i + /rc+ 1) 



2rc 






(59) 



in (56) and (57) respectively we obtain the generalized Mehler transform pair (5) and (6). A short 
list of integrals corresponding to formula (6) is given in the following table: 

TABLE 2. Generalized Mehler transforms 



g(x) 


/U)=|>4_ 1/2 (x)^(y)^y 


zstnh (7rx)V(i-k + ix)l{},-k-ix)K L r(z) 


2-1/2^/2^1/2-^^(^2 - l)"i** 




R{*-k) >0, |argz|< j tt 


*eompare the formula p. 15 




x sinh {2irx)Y{\ — k + ix)Y{ l 2 — k — ix) 


7r 2 2 3-"»/V«/ 2 (a;- l)fr/2 + /«/2-l ( % + 1)-AV2^ M [{2 2 ( X - 


-D} ,/2 ]. 


E{±m + ±n, J m — J n, §-h ix, |— we : 1 — k : z) 






tf(|-A:)>Ojargz|<:|- /?(/*) >0 
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Table 2. Generalized Mehler transforms — Continued 



g(x) 



A 



*>-£ 



Pty-m (x)g(y)dy 



x sinh {2ttx)Y(±— k+ix)Y{± — k — ix) 



X 



I 9 + m + ix, « + m — ix; - 
Y{±+m + ix)Y{±+m — ix) 1 F\\<!> I z 

\—m 



M + m 



cosh (77^)r(l + m) 
R{} 2 — k) > 0, /? ( 1 ± #i) > and z is real and positive 

x sinh (27ra)rj— A:-f ix)T(%— k — ix) 

i"'~"E(±-m + \n, \m-\n, J -fix, J— ix : 1 — k : e" /7r z) 

— t"""'.E'(itfi+ 1 71, |m-i/i, i+ix, §— ix, 1 — /c : e~ ,7r z) 

/?(|-fc)>0,|argz|<| 

x sinh {2ttx) Y (±— k + ix)Y (± — k — ix) 

l l r 

,F 2 |2 + ^2 



co3h(7rx)r(l-A:)r(l-m) 



1 — k, 1 — m 



Y(±-k + ix)Y(±-k-ix) (\-k + ix,\-k-ix\- 
Y(l-k + m)Y(l + m) 2 2 ^_^^ 1 + m 

/?(J— /c) > 0, z is real and positive 

x sinh (27rx)r(i — k + ix)Y(± —k — ix) 

XEU -fix, § -ix, /-A;: l-/c:2z) 



x sinh 



RU-k\>0, |argz|<|, R(l + m) >0 

/ \ i- (h ~ k + ix i — k — ix, 1 : 2z\ 
{7TX)E \l-k ) 

*(~*)>0 > il(/)>O f |argz|<| 



x sinh (7rx)r(| — A: + ix)T(i — k — ix) 

XY{±+m+ix)Y(±+m-ix)P^ l/2 ( z ) 
R(^-k) >0,/?(f +m) >0, U(z) >1 



x sinh (27rx)r(| — A; + ix)T(i —k — ix) 

(y+m, 8 -f m, J + ix, § — ix : z\ 
-A: 



, „ /y+m, 8 + m, J + ix, J — ix : z\ 



/?(|-A;)>0, |argz| <!",/? (y+m) > 0, #(S+m) >~0 

x sinh (27rx)r(i — k + ix)Y(± — k — ix) 

„ A -f m + n, § +m — n, \ + jx, J — ix : z\ 
U + ro, l-jfc / 



sin (m7r)(x -f 1) 

l , 



jk + m-l 



X(x-l) 



• 3 2 2 

L7T 6 Z Z 



[ 1+ I(^T)]" 



- + --1 

2^2 * 



X(x-l) (x-fl) 

1 

X./„[{2z(x-l)} 2 ] 



7T2 1 -™ sin (rrnr) 
■X(x-1) (xfl) 



exp 



z(x-l) 



27rV-'(x-l)'- 1 U 2 -l)- ! exp [-z(x-l)] 



2-V(x-l)'- 1 (x 2 -l) | s exp [-z(x-l)] 



7rr(^-A;+l) 



(x 2 -l)~| [z 2 -l)» 
(x + z) m ' k+l 



7J st 2 1 - m z m {T(y)T(d)}- 



X(x-l) 2 + "- 1 (*+l)- 2 

X^[y,8::|(x-1)] 



21/2-»/ 77 . 3 /2 2 l/2 + m(._ 1 ) | + m-l/2 exp ["I (,-1)1 

XK.[|(,-1)} 



88 



TABLE 2. Generalized Mehler transforms — Continued 
r(|-*)>0, |arg*|<| 



x sinh (2ttx)Y{± —k+ ix)Y\ —k — ix) 

„ (\ — k' + m' + m, | — k' — m' + m, J + i*, \—ix\z 
\l-2k' + m, l-k 

K(|-*)>0,|argz|<| 



7r 2 2 1+/ ^'V"^'-' (x- l)-i «M-«-*'-i( J B + l ) - 2 
Xexp ff U— 1)1 W k , 



[§(*-!) 



Other applications can be obtained from (1) and (2) by special choices of the parameters. 
Thus (1) and (2) in combination with (25) yield the transform pair 



«( 



*)=f" 

Jo 



S2v,2ix(y)f(y)dy, 



f(x)=~ 



22M-2 fx 

-: — yg(r) 

ITTX Jo 



m-p-iy) j^^Ti 



■ji±iy) 



r(i+fjL-iy) 



T^+fji+iy) 



Jri U {x) 



dy, 



(60) 



(61) 



which may be called S-transforms. 

When p = 0, q=l then the i^-functions in (1) and (2) reduce to the ordinary hypergeometric 
functions of Gauss and the following transform pair is obtained: 



f(x) = T{P)x r l f" r(v-iy)r(v+iy)yg(y) 

17T- Jo 

1 v . , sin (i7ry+ vtt)V(1- v — iy)V(p— v — iy) „ 



ix\ —y 



f(y)dy, 



(62) 



1 



iy,p- 



iy\ 



\\-2iy 



dy. (63) 
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